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The possibility to onstrut a galati disk embedded in a multidimensional spae-time is investi-
gated. Partiularly we are interested in a disk that lives in a universe endowed with Universal Extra
Dimensions. The simplest example is a six dimensional spae-time disk onstruted by solving the
vauum Einstein equations for an extension of the Weyl's metri. In partiular, we study a disk
onstruted from Shwarzshild and Chazy-Curzon solutions with a simple extension for the extra
dimensions. Two integral onstants of motion from projetion of extradimensional partile veloi-
ties are the free parameters of the model. We prevent the ad ho adjustment of suh parameters
with observed rotation urves, preferring to investigate values where the disk beomes stable. The
stability is ahieved when the disk is Newtonian-like (where suh parameters are null) or for a tiny
range of values that astonishingly makes the irular geodesis t with great preision the rotation
urves of many spiral galaxies. The stability alulation is done using both the Rayleigh riterion
and a perturbative approah. We ompare suh results to well sueeded astrophysial dark matter
proles and demonstrate that our preditions give the same gravitational lensing as does a dynami-
ally suessful dark halo model. Finally, we onsider the possibility that our model ould onstrain
a Kaluza-Klein dark matter partile to be tested at Large Hadron Collider (LHC).
PACS numbers: 04.20.Jb, 04.40.-b, 04.50.+h, 11.25.-w, 95.35.+d
I. INTRODUCTION
The possibility that a dark matter (DM) partile ould
be deteted at the Large Hadron Collider (LHC) in next
years is believed to be one of the most promising disov-
eries to be done on experimental partile physis at the
present entury. It is expeted, in partiular, that suh
partile ould be a kind of extradimensional dark matter
(or a Kaluza-Klein partile). Reently, many important
works are being foused on this area, where it is taking
plae a serious attempt to desribe theoretially and phe-
nomenologially the main harateristis of a suh parti-
le [1℄. The most standard proposed model is the Uni-
versal Extradimensional senario (UED), a braneworld
model where all partiles move in the whole extradimen-
sional spae [2℄. However, atually there are few studies
about the behavior of those partiles in an astrophysial
environment as a galati disk. Rotation urves of galax-
ies and gravitational lensing of galati lusters are the
main observational tools to understand the presene of
DM in universe. Here, as a rst step, we investigate a
general relativisti galati disk and alulate the grav-





universe endowed with UED.
The existene of DM omes from strong observational
evidene, primarily from dynamial and lensing eets:
galati disks, luster of galaxies, and a smoothly dis-
tributed osmologial bakground present undeniable re-
sults. In galati disks, where Newtonian gravitational
theory would have been awaited to be an exellent ex-
planation, aelerations of stars and gas, as estimated
from Doppler veloities are muh larger than those due
to the Newtonian eld generated by the visible matter
in those systems (the plateau anomaly in rotation urves
of galaxies) [3℄. Rotation urves are the major tool for
determining the distribution of mass in spiral galaxies,
and are also important to study kinematis and to infer
the evolutionary histories in galati systems. Histori-
ally they are the most basi and lassi manner to bring
on the presene of dark matter in galaxies (for a om-
plete review about rotation urves, see for instane [4℄).
On the other hand, is veried that luster of galaxies
are omposed of three main omponents: ∼ 5% in mass
is the optially luminous baryoni matter in hundred of
bright galaxies; ∼ 1015% is in the form of a bright X-ray
inter-luster gas; and the remaining ∼ 8085% is some
sort of non-baryoni missing mass. The rst evidene
of suh dark matter in luster of galaxies was provided
by Zwiky in 1937 [5℄ who veried, by applying the virial
theorem to the Coma luster, that most of the matter
in this luster was dark. Another form to estimate lus-
2ter masses is by using gravitational lensing tehniques,
for both the strong and weak regimes [6℄. When inter-
preted within 4D general relativity (GR), this lensing is
atypially large unless one assumes the presene of DM
in quantities similar to those demanded to explain the
aelerations of stars and gas. Suh tehniques plus the
temperature utuations in the Cosmi Bakground Ra-
diation have been regarded as onrming the DM exis-
tene.
Current hiey astrophysial models used to ahieve
osmologial results for the evolution of luster of galax-
ies are the old dark matter (CDM) approahes [7℄. Here
the missing matter problem is solved by using a dark
halo of exoti postulated partiles surrounding galaxies.
One potential problem for the ΛCDM model, as for most
other versions of CDM models, is that it predits galaxy
halos that have a steeper density prole in the inner parts
than may be observed and produes too many small satel-
lites galaxies in ontradition to what is observed [8℄.
The non-baryoni andidates for partiles in suh mod-
els range e.g. from primordial blak holes [9℄ to elemen-
tary partiles relis left over from the early universe (e.g.
WIMPS [10℄). Observational and experimental diul-
ties to identify suh partiles raise the possibility that the
aeleration disrepany as well the gravitational lens-
ing anomaly may reet departures from Newtonian/GR
gravity on galati or luster sales: it means the the-
oretial appealing about a formal modiation of New-
tonian/GR dynamis (e.g. MOND [11℄ and TeVeS [12℄).
However, reent results obtained using the merging lus-
ter 1E0657-558, where a ombination of a long Chandra
X-ray observation with aurate strong and weak gravi-
tational lensing maps, are allowing some authors to laim
about a rst diret proof of the existene of dark matter,
dismissing a modied gravity paradigm [13℄.
Another way to explain dark matter is assuming that
the universe is endowed with extra dimensions and we
are living in a 3 + 1 membrane (or brane) [14℄. In a
suh oneption, the missing mass problem omes from
the gravitational interation among galaxies loated at
distint parts of the brane or omes diretly from pos-
sible elds named extradimensional modes (or Kaluza-
Klein modes). Conerning extra dimensions, in present
days there is a onsiderable ativity that is motivated
by possible extra dimensions arising within a TeV sale
for quantum gravity, and in spite of this, there are basi
questions onerning the nature of gravity in higher di-
mensions that remain unanswered. Classially an initial
attempt to inlude extra dimensions in a physial theory
was made by Kaluza and Klein in 1920s [15℄, where they
suggested an uniation of eletromagnetism and gravity
into a geometrial formulation, involving one extra di-
mension that, when ompatied, makes a unique formal-
ism that unravels the Lorentz and the U(1) gauge sym-
metry of eletromagnetism simultaneously. Braneworld
senarios [14℄ and superstring theories [16℄ are the main
urrent models that advoate extra dimensions to explain
some of the problems present in the standard model of
partiles, and open subjets in osmology as dark en-
ergy and dark matter. However, these subjets have the
tendeny to explain the nature using a bottom-up design,
where rst the foundations are speied by the axiomati
existene of fundamental strings whose vibrating modes
form all the physial partiles.
Here, following the observational evidene of DM
in galaxies and lusters, we investigate the possibility
that DM omes from extradimensional modes, or (KK
modes), although initially we do not know if those modes
are distributed isotropially on the galaxy disk or are
desribed by a spheroidal halo (as preahed by CDM
osmologies). Assuming rst the isotropi on the disk
senario, it is important to investigate solutions of Ein-
stein eld equations in axially symmetri ongurations
in D dimensions to onstrut a disk model omposed of
Kaluza-Klein partiles. Exat solutions of Einstein eld
equations in axially symmetri ongurations are an im-
portant tool to understand the dynamial properties of
real systems whih an be desribed approximately by a
thin disk. In this sense, axially symmetri solutions have
great astrophysial interest, beause they an be used to
model galaxies and aretion disks. A reasonably au-
rate general relativisti model of a spiral galaxy would
require an exat solution of Einstein eld equations that
desribes a superposition of a Kerr blak hole with a sta-
tionary disk, a entral bulge with or without an external
exoti halo and the presene of magneti elds. A long
range of disk solutions was derived with or without ra-
dial pressure. Solutions for stati disks without radial
pressure were rst studied by Bonnor and Sakeld [17℄,
and Morgan and Morgan [18℄, and with radial pressure
by Morgan and Morgan [19℄. Stati thin disks without
radial stress generate a Weyl spaetime. Then they are
desribed by two dierent metri funtions [20℄. The sta-
bility of these models an be explained by either assuming
the existene of hoop stresses or that the partiles on the
disk plane move under the ation of their own gravita-
tional eld in suh a way that as many partiles move
lokwise as ounterlokwise. This last interpretation is
frequently made sine it an be invoked to mimi true
rotational eets. A large lass of stati thin disks so-
lutions were obtained by Letelier and Oliveira [21℄ using
the inverse sattering method. Disks with radial tension
have been onsidered in [22℄, and disk models with ele-
tri elds [23℄ and magneti elds [24℄, and both mag-
neti and eletri elds [25℄. Solutions for self-similar
stati disks were analyzed by Lynden-Bell and Pineault
3[26℄, and Lemos [27℄. Another relevant approahes are
the superposition of stati disks with blak holes or disk
solutions with halos [28℄, and see other important astro-
physial solutions to mimi AGNs in [29℄. Reently Vogt
and Letelier rened general relativist models of galaxies
in a onsiderable way [30℄. Important disussions about
the role of general relativisti disks to explain rotation
urves of galaxies an be found, e.g., in [31℄ and essen-
tial ounter-arguments in [32℄. On axisymmetri geome-
tries in D dimensions, generalized Weyl solutions in D
dimensions were presented by Emparan and Reall [33℄
and important objets were lassied by them, as blak
rings and Kaluza-Klein bubbles. About disk rotation
urves in higher dimensions see for instane [34℄; this
Ref. ontains the method to derive the Platoni Model,
a model where KK elds do not need to live in a ex-
ternal halo to reprodue the rotation urves of galati
disks and in galaxy lusters the modes will follow the
general spheroidal geometry by the superposition of in-
dividual modes on galaxies. Also matter densities on
galaxies are following the KK distribution. For other im-
portant works about solutions of Einstein equations in D
dimensions see [35℄.
Here we onstrut a UED disk by solving the vauum
Einstein equations for an extension of the Weyl's met-
ri. The main purpose of the work is to onstrut a top-
down model, where we are interested in what is oming to
pass in large sales assuming a multidimensional senario.
The simplest example in 6D is presented and the disk is
onstruted from Shwarzshild and Chazy-Curzon solu-
tions. These solutions are employed to generate a disk
by introduing disontinuities in the rst derivatives of
the metri funtions (image method). Two integral on-
stants of motion from projetion of extradimensional par-
tile veloities are the free parameters of the model. We
prevent the ad ho adjustment of suh parameters with
observed rotation urves, preferring to investigate values
where the disk beomes stable. The stability is ahieved
when the disk is Newtonian-like (where suh parameters
are null) or for a tiny range of values that astonishingly
makes the irular geodesis t with great preision the
rotation urves of many spiral galaxies. We ompare
suh results to well sueeded astrophysial dark mat-
ter proles and demonstrate that our preditions give the
same gravitational lensing as does a dynamially suess-
ful dark halo model. We onlude that the modes are not
isotropi on the disk but the KK partile distribution
follows the matter distribution. This is barely suient
to ahieve our results. Another interpretation is that
what really is happening is that matter is following the
KK distribution, endorsing the Platoni Model approah.
The present work is organized as follows: in Setion II
we present the prinipal aspets of stati thin disk solu-
tions in 4D and the expression for the energy-momentum
tensor of the disk. In Setion III, we derive generalWeyl's
solutions. To derive Weyl's solutions to higher dimen-
sions is to nd all solutions of the vauum Einstein equa-
tions that admit D − 2 orthogonal ommuting Killing
vetor elds. We show, following [33℄, that in D dimen-
sions, Einstein equations in a Weyl geometry is redued
to the Laplae's equations, what permits to use the image
method to onstrut a disk living in a D dimensional uni-
verse. In Setion IV we exemplify by onstruting a sim-
ple multidimensional disk model using six dimensional
axially symmetri Einstein equations in vauum, with a
Shwarzshild solution for the four dimensional part;
the extra dimensional part is solved with a Chazy-Curzon
solution. These solutions are employed to generate a disk
by introduing disontinuities in the rst derivatives of
the metri funtions (image method). In Setion V we
nd a equation for the irular geodesi orbits (rotation
urves) and study the stability of suh orbits in Setion
VI both by the Rayleigh riterion and by a perturba-
tive method. Results and graphis for stable rotation
urves and omparison to observed rotation urves of spi-
ral galaxies are showed in Setion VII. In Setion VIII
we derive the gravitational lensing regime of the model to
a spherially symmetri luster of galaxies. Disussions
about suh results is done in the Conluding Remarks
(Setion IX) where we omment about the astrophys-
ial Navarro-Frenk-White CDM proles and point out
on astrophysial and osmologial issues (apart from the
question of osmologial dark matter whih is left open).
And although the main purpose of the present work is
to onstrut a top-down model and not to shed light on
a fundamental theory we also illustrate onsidering the
possibility that our model ould onstrain a Kaluza-Klein
dark matter partile to be tested at Large Hadron Col-
lider (LHC) in next years, where we write onsiderations
about the ompatiation of a 6D spae-time following
the example presented. In what follows, we do c = G = 1.
II. THIN DISKS IN 4D
Muh endeavor has been strongly attahed to advane
in tehniques for nding general relativisti exat solu-
tions in four dimensions [36, 37℄. One of the earliest
aomplishments in this diretion was attained by Weyl
[20℄, who found the general stati axisymmetri solution
of the vauum Einstein equations:
ds2 = −e2Φdt2 + e−2Φ (e2γ(dr2 + dz2) + r2dϕ2) , (2.1)
where Φ(r, z) is an arbitrary axisymmetri solution of
Laplae's equation in a three-dimensional at spae with
4line element




,r − Φ2,z], (2.3)
γ,z = 2rΦ,rΦ,z, (2.4)
where ( ),a = ∂/∂x
a
. The solution of these equations
is given by a line integral. Sine Φ is harmoni, it an
be regarded as a Newtonian potential produed by er-
tain (axisymmetri) soures. Sine in this oordinate the
spherially symmetri solutions of the Einstein equations
orrespond to a bar of density 1/2, one needs to be areful
in the use of Newtonian images [21, 45℄.
As an illustration, the metri (2.1) for a stati axially
symmetri 4D spae-time an be written in quasiylin-
drial oordinates (r, ϕ, z) in the form
ds2 = −e−φdt2 + χ2eφdϕ2 + f(dr2 + dz2), (2.5)
where χ, φ, and f are funtions of r and z only. In the
vauum, the Einstein equations are equivalent to
χ,rr + χ,zz = 0, (2.6)
(χφ,r),r + (χφ,z),z = 0. (2.7)
Let ζ = r + iz. It is possible to onsider χ as the real
part of an analytial funtion W (ζ) = χ(r, z) + iZ(r, z).





dζdζ = |W ′(ζ)|2dζdζ. Or even, dWdW = dχ2 +
dZ2 = |W ′(ζ)|2(dr2 + dz2). Thus without lossing gener-
ality one an hoose χ = r. In suh a way we an write
f(r, z) as a funtional of φ






In order to obtain a solution of (2.6)(2.8) representing
a thin disk loated at z = 0, we assume that the met-
ri funtions χ, φ, and f are ontinuous aross the disk,
but have disontinuous rst derivatives in the diretion
normal to the disk. Thin disk solutions in Weyl oor-
dinates are funtions of the lass C0. The reetional
symmetry of (2.6) - (2.8) with respet to the plane z = 0
allows us to assume that χ, φ, and f are even funtions
of z. Hene, χ,z, φ,z and f,z are odd funtions of z. We
shall require that they not vanish on the surfaes z = 0±.
Suh impositions an indue e.g. a disontinuity in the
spae-time by reeting the solution through the plane.
This represents the onstrution of the disk using the well
A
B
FIG. 1: Illustration of the displae, ut and reet method
for the generation of disks. In A the spaetime with a singu-
larity is displaed and ut by a plane (dotted line), in B the
part with singularities is disregarded and the upper part is
reeted on the plane.
known displae, ut and reet method that was used
by Kuzmin [38℄ in Newtonian gravity and later in GR by
many authors [22℄-[30℄. The material ontent of the disk
will be desribed by funtions that are distributions with
support on the disk. The method an be divided in the
following steps that are illustrated in Fig. 1. First, in a
spae wherein we have a ompat soure of gravitational
eld, we hoose a surfae (in our ase, the plane z = 0)
that divides the spae in two piees: one with no singu-
larities or soures and the other with the soures. Then
we disregard the part of the spae with singularities and
use the surfae to make an inversion of the non-singular
part of the spae. This results in a spae with a singu-
larity that is a delta funtion with support on z = 0.
This proedure is mathematially equivalent to make
the transformation z → |z|+ a, with a onstant. In the
Einstein tensor we have rst and seond derivatives of z.
Sine ∂z |z| = 2ϑ(z) − 1 and ∂zz|z| = 2δ(z), where ϑ(z)
and δ(z) are, respetively, the Heaviside funtion and the
Dira distribution. Therefore the Einstein eld equations
will separate in two dierent piees [41℄: one valid for
z 6= 0 (the usual Einstein equations), and other involv-
ing distributions with an assoiated energy-momentum
tensor. Due to the disontinuous behavior of the deriva-
tives of the metri tensor aross the disk, the Riemann
urvature tensor ontains Dira delta funtions. The
energy-momentum tensor an be obtained by the dis-
tributional approah due to Papapetrou and Hamouni
[39℄, Lihnerowiz [40℄, and Taub [41℄. It an be writ-
ten as T ab = [T
a
b] δ(z), where δ is the Dira funtion
with support on the disk and [T ab] is the distributional
energy-momentum tensor, whih yield the volume energy
density and the prinipal stresses. A dierent approah is
given by Israel [42℄ where one makes use of the extrinsi
urvature of the surfae to represent the matter. Here,
a, b = 0, ..., 3.
5A. Density and pressures on the disk
The disk at z = 0 divides the spae-time into two
halves. The normal to the disk an be desribed by the
o-vetor na = ∂z/∂x
a = (0, 0, 0, 1). Above the disk near









|z=0 + ..., (2.9)









|z=0 + .... (2.10)
The quantity g0ab means the value of gab at z = 0. The
disontinuities in the rst derivatives of the metri tensor






The symmetry of the problem gives φ+,z |z=0 = −φ−,z|z=0,
and f+,z |z=0 = −f−,z |z=0. Denoting φ,z |z=0 = φ+,z |z=0, and




brr = 2f,z|z=0 , (2.13)
bzz = brr, (2.14)
bϕϕ = 2r
2eφφ,z |z=0. (2.15)
It is possible to nd the other disontinuities terms by
ontrating indies in bab:
btt = −2eφφ,z |z=0 ; btt = 2φ,z, (2.16)
brr = − 2
f2




bzz = − 2
f2




bϕϕ = − 2
r2
e−φφ,z|z=0 ; bϕϕ = −2φ,z. (2.19)
From (2.11), one an work out (the disontinuities of)










c − gazbbc) (2.20)
where [Γabc] ≡ Γ+abc − Γ−abc at z = 0. From the Rie-









bc − grsΓracΓsbd, (2.21)








c − bacδzbδzd + gazbbdδzc). (2.22)
Dening the Rii distributional tensor as [Rab] = [R
c
acb]
and the Rii distributional salar [R] = [Raa], we an
identify the distributional energy-momentum tensor on











{bazδzb − bzzδab + gazbzb − gzzbab
+bcc(g
zzδcb − gazδzb)}. (2.24)
This energy-momentum tensor desribes the matter on-
tent (uid) of a thin disk loated on z = 0. The ompo-








{−bzz + gzz(btt + bϕϕ)}, (2.26)




































one an write down the energy-momentum tensor (2.24)
as






yielding the volume densities, i.e., the energy density and
pressures as














r] = 0, (2.32)
pz = [T
z
z] = 0. (2.33)
In Fig. 2 we show the density ǫ and pressure pϕ proles
of the 4D onstruted thin disk.
B. Solutions
In Eq. (2.5), the funtion φ is intrinsially related to
the Newtonian potential U by φ = 2U . A important
property of Weyl's metri is the fat that Eq. (2.7) to
be a Laplae's equation in ylindrial oordinates, and
exploiting the harateristis of its linearity it is possible
to employ the superposition of solutions. Some of the
asymptotially plane solutions are, e.g., Chazy-Curzon,
the nite rod, and the Shwarzshild ones.
In the Chazy-Curzon ase, the solution for a partile










r2 + (z − z0)2.
The Shwarzshild solution orresponds to taking the
soure for φ to be a thin rod on the z-axis with 1/2 linear
mass density.
C. Rotation urves
In rst approximation one an onsider that the par-
tiles of suh above uid move along geodesis. In par-
tiular, we an onsider partiles moving along irular
geodesis whose tangential veloities give us the rotation
urves.
From Eq. (2.5) we have the rst integral of motion,
− e−φt˙2 + f(r˙2 + z˙2) + r2eφϕ˙2 = 1, (2.35)
where x˙a = dxa/ds. Assuming r˙ = 0 and z˙ = 0 (partiles
with no radial motion and onned on z = 0), Eq.(2.35)
reads
− e−φt˙2 + r2eφϕ˙2 = 1. (2.36)
The geodesi equations on the disk redue to
(e−φ),r t˙2 − (r2eφ),rϕ˙2 = 0. (2.37)
Eqs. (2.36) and (2.37) form a system of equations for ϕ˙2


















φ,r/(2/r + φ,r). (2.39)
In Fig. 3 we show some rotation urves for the on-
struted 4D disk, where we are varying the ut disk pa-
rameter a. Here we are applying the thin rod solution
with linear mass density of 1/2 (Shwarzshild solution).
III. WEYL SOLUTIONS FOR ANY D
The rst ation to generalizeWeyl's geometry to spae-
times endowed with higher dimensions is to onsider a
suitable oordinate hart for the D-dimensional line el-
ement. Here we follow the method presented by [33℄, a
simple generalization of what is done in four dimensions
[37℄. It will be alleged that the metri is Riemannian or
Lorentzian. Let ξ(i) represent the Killing vetor elds,
1 ≤ i ≤ D − 2. It is admissible to elet oordinates
(xi, y1, y2) suh that ξ(i) = ∂/∂x
i
, sine these ommute,
with the metri oeients depending only on y1 and y2.
Now we must show that one an selet oordinates y1
and y2 to span two-dimensional surfaes orthogonal to all
of the ξ(i). In order to perform this, one has to make ev-
ident that the two-dimensional subspaes of the tangent
spae orthogonal to all of the vetors ξ(i) are integrable.
Suient onditions for integrability are aorded by the
following theorem:
Theorem (Emparan-Reall). Let ξ(i), 1 ≤ i ≤ D−2 be









(i) vanishes at at least one point of
the spaetime (not neessarily the same point for every






(2) . . . ξ
µD−2 ]
(D−2) = 0. Then the two
planes orthogonal to the ξ(i) are integrable.
Condition (b) is trivially satised if only vauum solu-
tions of the Einstein equations are ontemplated. About
ondition (a), in four dimensions it is usually supposed
that one of the Killing vetor elds is an angular o-
ordinate that orresponds to rotations about an axis of
symmetry, and must therefore vanish on this axis. This
attests that ondition (a) is fullled. For the ase of
higher dimensions, if the onditions of this theorem are
met then the oordinates y1 and y2 an be hosen in one
of the orthogonal surfaes and then extended along the
7(a) (b)






























FIG. 2: (a) 4D disk surfae density per unit mass proles for disk ut parameters a = 1, 1.5, 2, 2.5, 3 (from top to bottom). We
take r′ = r/m. (b) The same as (a) but for disk pressures.










FIG. 3: 4D disk rotation urves with ut parameters from
a = 0.3 to a = 2 (from top to bottom). These urves have a
Newtonian-like prole. We take r′ = r/m.
integral urves of the Killing vetor elds. In this oordi-
nate system, the vetors ∂/∂yi are orthogonal to ∂/∂xj.
If it is further assumed that the Killing vetor elds are








where a and b take the values 1, 2, the metri oeients
are independent of xi, and ǫi = ±1 aording to whether
ξ(i) is spaelike or timelike. Loally it is always possible
to nd oordinates suh that
gabdy
adyb = e2CdZdZ¯, (3.41)
where Z and Z¯ are omplex onjugate oordinates if the
transverse spae is spaelike. The funtion C is indepen-
dent of xi.
Now in order to alulate the urvature tensors, in-
trodue a vielbein for the metri (3.40), onsidering the
oordinates of Eq. (3.41):
ei = eΦidxi, eZ = eCdZ, eZ¯ = eCdZ¯. (3.42)
The summation onvention is not being used for the in-
dies i, j. . . .. The tangent spae metri ηαβ is given by
ηii = ǫi, ηZZ¯ = ηZ¯Z = 1/2, where the other omponents
vanish. Now the onnetion 1-forms are dened as
deα = −ωαβ ∧ eβ. (3.43)
From (3.42) and (3.43) we get
ωiZ = e
−C∂ZΦi,Zei, ωiZ¯ = e










The urvature 2-forms are dened by
Θαβ = dωαβ + ωα
γ ∧ ωγβ. (3.46)
The non-vanishing urvature 2-forms for the onnetions (3.44) and (3.45) are






ei ∧ eZ − e−2C [∂Z∂Z¯Φi + ∂ZΦi∂Z¯Φi] ei ∧ eZ¯ , (3.48)





ei ∧ eZ¯ , (3.49)
ΘZZ¯ = e
−2C∂Z∂Z¯Ce
Z ∧ eZ¯ . (3.50)





γ ∧ eδ. (3.51)
We nd













RiZjZ¯ = −e−2C (∂Z∂Z¯Φi + ∂ZΦi∂Z¯Φi) ηij , (3.55)
RZZ¯ZZ¯ = e
−2C∂Z∂Z¯C, (3.56)
with any other non-vanishing omponents related to these by the symmetries of the Riemann tensor. Afterwards the







































Now, assuming as before that µ, ν = i, Z, Z¯, then the va-































 = 0. (3.62)








9where w˜ = w¯ if Z and Z¯ are omplex onjugate. Substi-
tuting equation (3.63) into equation (3.61) yields
2(w + w˜)∂Z∂Z¯Φi + ∂Zw∂Z¯Φi + ∂Z¯w˜∂ZΦi = 0. (3.64)










































Integrating the rst two terms of these equations and




log (∂Zw∂Z¯w˜) + Ξ, (3.67)
where











The integrability ondition for Ξ is
∂Z∂Z¯Ξ = ∂Z¯∂ZΞ. (3.70)
It is straightforward to hek that this equation is indeed
satised if equations (3.63) and (3.64) hold. These equa-
tions also onrm that the remaining Einstein equation
RZZ¯ = 0 is satised.
Sine w and w˜ have been assumed non-onstant, one
an perform a oordinate transformation from Z and Z¯
to w(Z) and w˜(Z¯) in the similar way as in the 4D ase
mentioned at the beginning of Se. II. In 4D, they are re-





2Φi(dxi)2 + e2 Ξdwdw˜. (3.71)
This oordinate transformation is onformal. Eqs.
(3.64), (3.68) and (3.69) are onformally invariant so the
transformation just replaes ∂Z by ∂ ≡ ∂w and ∂Z¯ by
∂¯ ≡ ∂w˜. Then the solution is determined by the follow-
ing equations ∑
i
Φi = log(w + w˜), (3.72)
2(w + w˜)∂∂¯Φi + ∂Φi + ∂¯Φi = 0, (3.73)








If Z and Z¯ are omplex onjugate oordinates then, as
mentioned above, one must take w˜ = w¯. Introdue real






2Φi(dxi)2 + e2 Ξ(dr2 + dz2). (3.76)












whih is again just Laplae's equation in three-
dimensional at spae with metri (2.2). The funtion
Φi is independent of the oordinate θ, i.e., it is axisym-
metri. The solution is therefore speied by D − 3 in-
dependent axisymmetri solutions of Laplae's equation
in three-dimensional at spae.
IV. AN EXAMPLE OF 6D DISK
The fat that Φi, for D dimensions, has as solution ax-
isymmetri solutions of Laplae's equation leads to the
possibility to onstrut a disk with higher dimensional
omponents. To obtain a solution for suh a metri whih
represents a thin disk loated on ya = z = 0, we assume
the funtions of the metri Φi and gab are ontinuous
along the disk, in partiular on the surfae z = 0, but
with disontinuous rst derivatives on that surfae. Fol-
lowing the same approah developed in Se. II, we an
introdue these disontinuities by doing the replaement
z → |z| + a, where a is a onstant. The metri dison-







|z=0 + z2 ∂
2g+AB
∂z2
|z=0 + ..., (4.78)






|z=0 + z2 ∂
2g−AB
∂z2
|z=0 + .... (4.79)
Suh disontinuities indiate that the Riemann urva-
ture tensor ontains Dira delta funtions that makes
possible to alulate the energy-momentum tensor by
a distributional approah, as before. This tensor an
be written as TAB = [T
A
B ]δ(z), where δ(z) is the Dira
Delta funtion with support on the disk and [TAB ] is
10
the distributional energy-momentum tensor. Writing
the disontinuities of rst derivatives of the metri as
bAB = (g
+





{bAzδzB − bzzδAB + gAzbzB − gzzbAB
+bCC(g
zzδAB − gAzδzB)}. (4.80)
This energy-momentum tensor desribes the matter on-
tent (uid) of a thin disk loated on z = 0. In rst ap-
proximation one an onsider that the partiles of suh a
uid move along geodesis. In partiular, we an onsider
partiles moving along irular geodesis whose tangen-
tial veloities give us the rotation urves. Calulating the
extradimensional omponents of the energy-momentum
tensor, we nd that [T x
i








D is even, then the sum of extradimensional pressures
anel and the total pressure depends only of 4D ompo-
nents. Thus, the density proles appear to be the same
as in the 4D ase and we nd that the extra dimensions
do not aet the density and the azimuthal and radial
pressures: this is a striking result beause we only need
the diret observed density proles to explain the on-
tent of the disk. Density proles for 4D thin disks an
be seen e.g. in Bi£ák et al. [45℄. Other important argu-
ments an be found in literature in favor of an even D
(e.g. as has been emphasized by dierent authors, the
Huygens priniple does not hold for odd D [46℄).
As the simplest example, we present in what follows
the ase for a 6D disk. The metri for an axially sym-




where φ = φ(r, z), f = f(r, z), χ = χ(r, z), ψ = ψ(r, z)
and x and y are the extra dimensional oordinates; we
do G = 1 and c = 1. The vauum Einstein equations



































+ φ,zz = 0. (4.84)
where ( ),a = ∂/∂x
a
. It an be shown that, without
lossing generality, one an hoose χ
√
ψ = r. We do ψ = 1
and χ = r, that yields the Einstein equation for f(r, z),




r{[φ2,r − φ2,z + 2φ,r/r + ν2,r − ν2,z]dr
+ [2φ,rφ,z + 2φ,z/r + 2ν,rν,z]dz}. (4.85)
Eqs.(4.82)(4.85) form the omplete set of vauum Ein-
stein equations for the metri (4.81).
To obtain a solution of (4.82)(4.85) whih represents
a thin disk loated on z = 0, we assume the funtions of
the metri f and φ are ontinuous along the disk, in par-
tiular on the surfae z = 0, but with disontinuous rst
derivatives on that surfae. We introdue these disonti-
nuities by doing the replaement z → |z|+ a, where a is
a onstant. The distributional energy-momentum tensor
reads
[T t t] =
1
16π
{−bzz+gzz(br r+ bz z+ bϕ ϕ+ bx x+ by y)},
(4.86)
[T r r] =
1
16π
{−bzz+gzz(bt t+ bz z+ bϕ ϕ+ bx x+ by y)},
(4.87)




{−bzz+gzz(bt t+ br r+ bz z+ bx x+ by y)},
(4.89)
[T x x] =
1
16π
{−bzz+gzz(bt t+ br r+ bz z+ bϕ ϕ+ by y)},
(4.90)
[T y y] =
1
16π
{−bzz+gzz(bt t+ br r+ bz z+ bϕ ϕ+ bx x)}.
(4.91)
And the disontinuities of rst derivatives of the metri
bAB = (g
+
AB,z − g−AB,z)|z=0 yields
btt = 2e
−φφ,z|z=0, (4.92)
brr = 2f,z|z=0, (4.93)





byy = −2e−νν,z|z=0. (4.97)
















































one an write down the energy-momentum tensor (2.24)
as











yielding the energy density and pressures as














r] = 0, (4.101)
pz = [T
z
z] = 0. (4.102)
px + py = 0. (4.103)
A seond step to onstrut the disk is to hoose two
solutions of Laplae equations (4.83) and (4.84) for the
funtions φ and ν. The D-dimensional Shwarzshild so-
lution has isometry group R×O(D − 1). To write it in
Weyl form, D − 2 orthogonal ommuting Killing vetor
elds are required. For the Shwarzshild solution, this
ours only for D = 4, 5. Hene only the four and ve-
dimensional Shwarzshild solutions an be written in
Weyl form. For D > 5, the D-dimensional Shwarzshild
solution is not a generalized Weyl solution. However, the
geometry obtained by taking produts of the D = 4 or
D = 5 Shwarzshild solution with asymptotially at
spae are easily seen to be Weyl solutions.
We take the Newtonian potential assoiated to a rod
of onstant density [47℄,
φ(r, z) = ln
R1 +R2 − 2




r˜2 + (z − 1)2 e R2 =
√
r˜2 + (z + 1)2, and
r˜ is the radial oordinate normalized by mass, r˜ = r/m.
The length of the rod is L = 2m. We also use a Chazy-
Curzon solution for the ν funtion (ν(r, z) = [r2 + (|z|+
a)2]−1/2), whih is asymptotially at, resulting that our
disk is in fat a Weyl solution.
V. ROTATION CURVES
From Eq. (4.81) we have the rst integral of motion,
−e−φt˙2+f(r˙2+z˙2)+r2eφϕ˙2+eν x˙2+e−ν y˙2 = 1, (5.105)
where x˙A = dxA/ds. Assuming r˙ = 0 and z˙ = 0 (par-
tiles with no radial motion and onned on z = 0),
Eq.(5.105) reads
− e−φt˙2 + r2eφϕ˙2 + eν x˙2 + e−ν y˙2 = 1. (5.106)
By Eqs. (4.99)(4.103), one evidently an see that extra
dimensions pressures do not ontribute to total disk pres-
sures. Immediately one is tempted to argue that this is
the same to say that extra dimensions do not ontribute
to the density proles. However, Eq. (4.85) shows that
f(r, z) ontains extra dimensional eld omponents and
therefore a priori the rates x˙ and y˙ must be onsidered as
non-null inognites. On this fashion, the geodesi equa-
tions on the disk redue to
eν x˙ = Cx, e
−ν y˙ = Cy, (5.107)
(e−φ),r t˙2 − (r2eφ),rϕ˙2
= C2x(e
−ν),r + C2y (e
ν),r, (5.108)
where Cx and Cy are integration onstants.
Eqs. (5.106) and (5.108) form a system of equations



















F (r)ν,r −G(r)(2/r + φ,r) , (5.110)
where F (r) = −C2xe−ν + C2yeν and G(r) = 1 − C2xe−ν −
C2ye
ν
. Note that when Cx = Cy = 0 (no extra di-
mensions), we have VC =
√
φ,r/(2/r + φ,r) that is the
known formula for irular orbits in 4D Weyl geometry,
Eq. (2.39). The boundary onditions in manner to deter-
mine values for Cx and Cy ome from alulations of the




The stability of the irular orbits in the disk plane an
be studied using an extension of the Rayleigh stability
riterion [48℄. We have stability when hdhdr > 0, where
h is the spei angular momentum of a partile in the
disk plane (h = gϕϕϕ˙),
h = r2eφ
√




We nd that for dierent values of Cx and Cy less than
unity stability is reahed when a > 1. For small values
of a (highly relativisti disks) we have a small zone of
instability, typially around r = 3m. In Fig. 4 we show
the stability of the disk by the riterion presented above.
B. Perturbative method
The stability of irular orbits in the disk plane an
be also studied using a perturbative method where we
assume that the disk partiles are desribing equatorial
irular geodesis in stationary axisymmetri elds. The
perturbation of the geodesi equation x¨A+ΓABC x˙
Bx˙C =
0 is done performing the transformation xA → xA +∆A
 where ∆A = (δt, δr, δϕ, δz, δx, δy) are innitesimal ele-
ments. Therefore, equations for the perturbations are,
∆¨A + 2ΓABC x˙
B∆˙C + ΓABC,D∆
Dx˙B x˙C = 0, (6.112)
where ΓABC are the Christoel symbols and x˙
A
are
proper time derivatives dxA/ds and an be written for
a irular orbital motion as
x˙A = (ut, 0, 0, utΩ, Cx, Cy), (6.113)
where utΩ = VC . Note that (6.112) is equivalent to the
usual deviation equation [49℄. Assuming only horizontal
osillations in the 4D part of the disk (δz = 0), we get
∆A = (δt, δr, 0, 0, δϕ, 0, 0). (6.114)
Let xA be an equatorial irular geodesi in a station-
ary axisymmetri spae-time (4.81), i.e., the worldline
xA = (t, r = const, ϕ = const + Ωt, z = 0, x = const, y =
const). Substituting the four veloity (6.113) and de-
manding that gAB,z (but not gAB,zz) vanishes in the
equatorial plane, the omponents of Eq.(6.112) for hori-
zontal osillations read:
(δ¨t) + 2Γttru
t(δ˙r) = 0, (6.115)
(δ¨r) + 2Γrtt + 2Γ
r
ϕϕu








y ]δr = 0,
(δ¨ϕ) + 2ΓϕϕrΩu
t(δ˙r) = 0. (6.117)
Suppose that the solutions for δt, δr and δϕ have a form
of harmoni osillations, ∼ eiKs, with a ommon proper
angular frequeny K. The ondition for solvability of
Eqs. (6.115)-(6.117) is then
det


















y . From the non-trivial solution of
this equation we derive the osillation frequeny with re-
spet to innity κ = K/ut, referred in literature as the
epiyli frequeny [50℄, as
κ2 =
Z(r)
2 + φ,r − P (r) [φ,rr + rφ
3




where Z(r) = −e−φ/f , the metri is that given by
Eq.(4.81) and P (r) and Q(r) are terms related to ex-
tradimensional imprints:
P (r) = M(r)[2 + φ,rr] + F (r)rν,r , (6.120)




C2x[ν,rf,r/f − ν2,r − ν,rr] +
e−ν−φ
2r
C2y [−ν,rf,r/f − ν2,r + ν,rr] (6.122)







































FIG. 4: Stability of disks by the modied Rayleigh riterion. In (a) we show that stable disk ut parameters a are obtained
only for a > 1 (the full line), where hdh
dr
> 0. (b) In the region of interest, stable disks our for extradimensional parameters
Cx = 0.8 (dotted line), Cx = 0.85 (dashed line) and Cx = 0.9 (gray line). For Cx > 0.95, h
dh
dr
< 0, and the disk beomes
unstable (full line). () In the region of interest, stable disks our for extradimensional parameters Cy = 0.1 (dotted line),
Cy = 0.2 (dashed line) and Cy = 0.3 (gray line). For Cy > 0.5, h
dh
dr
< 0, and the disk beomes unstable (full line).
and where M(r) = C2xe
−ν +C2ye
ν
and F (r) = −C2xe−ν +
C2ye
ν
. When Cx = Cy = 0⇒ P (r) = Q(r) = 0 (no extra
dimensions), Eq.(6.119) beomes the known formula for
osillations in Weyl geometry. Graphis for the squared
epiyli frequeny is showed in Fig. 5. The onguration
is stable only when κ2 > 0. Our results show that the
integration onstants Cx and Cy have a very restrited
range of stable values. In Table I it is possible to see the
intervals for Cx and Cy where the disk is stable (here we
xed a = 1.5, a stable disk parameter aording to the
Rayleigh riterion; any values a > 1 are able to produe
stable disks).
A suh stability study is fundamental to disuss what
are the exat values to be used for the extradimensional
parameters Cx and Cy . In general, extra dimensions on-
tribute to destabilize the disk, but it is possible to derive
a semi-phenomenologial model where we have a very
short range of stable values that an be used to t ro-
tation urves of galaxies or gravitational lensing of dark
halos in a UED bakground (see Table I). Those sta-
ble values an astrophysially onstrain two-UED mod-
els. A more detailed disussion on the present perturba-
tive method is presented in [51℄.
VII. STABLE ROTATION CURVES FOR A 6D
DISK
The stability study of the previous setion is funda-
mental to disuss what are the exat values to be used
for the extradimensional parameters Cx and Cy . In this
sense, it is possible to derive a semi-phenomenologial
model where we have a very short range of stable values
that an be used to ompare to rotation urves of galax-
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FIG. 5: (a) Epiyli frequeny versus the normalized radius r′ = r/m for a onguration where Cx = 0.1 and Cy = 0.85. The
stability is ahieved for 0 < r′ < 5.5, when κ2 > 0; a great number of rotation urves of spiral galaxies remains exatly into
this region. The bold urve is the result for a 4D thin disk onguration. (b) Epiyli frequeny versus the normalized radius
for a onguration where Cx = 0.1 and Cy = 0.9. Here the stability is ahieved for 0 < r
′ < 15, when κ2 > 0. Here r′ = r/m.
TABLE I: Stable values for Cx and Cy
Values for Cx and Cy Region where the disk is stable
Cx = 0, Cy = 0 (Newtonian) All r
′
0 < Cx < 0.2, 0 < Cy < 0.4 All r
′
0 < Cx < 0.2, Cy = 0.5 0 < r
′ . 0.4
0 < Cx < 0.2, Cy = 0.7 0 < r
′ . 1.4
0 < Cx < 0.2, Cy = 0.75 0 < r
′ . 2.6
0 < Cx < 0.2, Cy = 0.8 0 < r
′ . 4
0 < Cx < 0.2, Cy = 0.85 0 < r
′ . 5.5 (fit DM halos)
0 < Cx < 0.2, Cy = 0.9 0 < r
′ . 15 (fit DM halos)
0 < Cx < 0.2, Cy > 0.95 Unstable disk
ies. In Fig. 6a we show the rotation urves for some
values of Cx and Cy , where we are not pondering yet the
stable ases. In 6b we present only the stable urves, for
various values of the ut parameter a. As disussed be-
fore, the stability is only ahieved for 0 < Cx < 0.4 and
0 < Cy < 0.95 (Rayleigh riterion) or the values speied
in Table I (what restringes even more the range for Cx
and onrms the Rayleigh riterion for Cy). At the same
time those values also prevent superluminal behavior for
the partiles. When Cx = Cy = 0 we have the usual 4D
general relativisti prole that is quite similar to a typi-
al Newtonian one. On the other hand, the attening
of galati rotation urves is an eet observed to our
in the galati area that ontains most of the baryoni
(visible) matter. Beyond this area it beomes extremely
diult to asertain the behavior of rotation proles, so
a model that just keeps these rotation proles at may
be inorret at larger osmologial sales. In Fig. 6 we
show that the urves derived are asymptotially at and
in osmologial sales the urves tend to zero. The den-
sity proles as disussed previously are pratially the
same as in the 4D ase and we nd that the extra di-
mensions do not aet the density and the azimuthal
and radial pressures. These proles an be seen in Fig. 2
and in Bi£ák et al. [18℄. In Fig. 7 we show a omparison
between the proles derived with and without extradi-
mensional imprints, showing that the disagreement an
be easily negleted, although it is exatly due to this tiny
disagreement that KK modes aet rotation urves.
Taking into aount only the stable urves, in Fig. 8
we ompare with some optially observed rotation urves
of spiral galaxies. Here we are not doing a omposition
of a halo dark matter veloities plus the disk gas and
the veloities of stars. What is happening is that the
lean stable general relativisti disk geodesis are sim-
ply tting the region of interest. The not surprising ad
ho adjustment of Cx and Cy atually ould tell noth-
ing about the astrophysial role of the KK modes in the
model. However the alulation of stable disks brings
over with it realizable values for Cx and Cy, what makes
possible to visualize a minimum representation of a real
disk galaxy. Those values produe the full line urves of
Fig. 6b, tting with great preision the region of interest
(the plateau anomaly after r′ ∼ 2). We also ompare to
some phenomenologial models used in Astrophysis as
Navarro, Frenk & White [56℄ and the Courteau t [57℄.
The observed data is taken from [52, 53, 54℄, but for an
alternative data soure see [4, 55℄, where our model is
also suessful. Another important statement is that the
present model reovers the Newtonian prole for r′ →∞
(where the asymptoti funtion ν → 0, and the Newto-
nian limit is reahed).
15
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FIG. 6: (a) Disk rotation urves with extra dimensional parameters Cx = 0, Cy = 0, i.e., usual Newtonian prole (dotted line,
stable), ; Cx = 0.1, Cy = 0.7 (dashed line, unstable); Cx = 0.1, Cy = 0.85 (gray line, stable); Cx = 0.1, Cy = 0.9 (full line,
stable). We take r′ = r/m. (b) Only the stable urves, for various values of the ut parameter a; here a is varying from a = 1
to a = 2.5. The dotted ones are the Newtonian-like (where there are no extra dimensions), and the full ones are the stable
urves derived admitting two extra dimensions. In () we show that the urves derived are asymptotially at, and in large
sale they tend to zero.













FIG. 7: Comparison of the density proles of a disk onsider-
ing only 4D dimensions (full line) and what is derived by the
present example that onsiders 6D (dotted line). It is impor-
tant to point that it is exatly due to this tiny disagreement
that KK modes aet rotation urves. Here a stable example
with a = 1.5, for m = 1.
It is important to remember that this is not a pure
phenomenologial model, where we would be interested
in take a omplete t of observational urve. Here the
interest is to ahieve a reasonable explanation for the
plateau anomaly using some of the stable alulated pa-
rameters. In this sense, the model ould be onsidered
as a semi-phenomenologial model.
VIII. GRAVITATIONAL LENSING
Here, using the simple example for 6D, we show that
in the low aeleration regime, a universe endowed with
UED in a Platoni regime predits gravitational lensing
of the orret magnitude to explain the observations of
intergalati lensing. As in nature many elliptial galax-
ies and galaxy lusters are well modeled as spherially
symmetri, we do our alulation for a spherially sym-
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FIG. 8: (a) Dierent models (our model and [56℄) for the rotation urves of the NGC 7331 spiral galaxy. Observational data
from Sofue et al. (1999) [52℄. (b) Dierent models (our model and [56℄) for rotation urves of the high speed rotation spiral
galaxy UGC 12591. Observational data from Rubin (1987) [53℄. () Dierent models (our model and [56, 57℄) for the rotation
urves of the NGC 3198 spiral galaxy. Observational data from Begeman (1999) [55℄. The model ts with great preision the
region of interest  the plateau anomaly after r/m ∼ 3 in (a) and after r/m ∼ 2 in (b) and (). The stable parameters used
are Cx = 0.15 and Cy = 0.88 for (a) and (b), and Cx = 0.2 and Cy = 0.85 for ().
metri system plus two UED. We adopt the metri
ds2 = −eΦdt2 + eΛ[dR2 +R2(dθ2 + sin2 θdϕ2)
+ dx2 + dy2], (8.124)
where, as before, x and y are the at extradimensional
oordinates. Φ and Λ are funtions only of R. Consider
a light ray whih propagates in the equatorial plane of
the metri. The veloity x˙A of the ray must satisfy
− eΦ t˙2 + eΛ(R˙2 +R2ϕ˙2 + x˙2 + y˙2) = 0. (8.125)
From the stationarity of the metri follows the onser-
vation law eΦt˙ = E where E is a onstant harateris-
ti of the ray. From spherial symmetry it follows that
eΛR2ϕ˙ = L where L is another onstant property of the
ray. Let us write R˙ = (dR/dϕ)ϕ˙, x˙ = (dx/dϕ)ϕ˙ and
y˙ = (dy/dϕ)ϕ˙. Now eliminating t˙ and ϕ˙ from Eq. (8.125)
in favor of E and L, and dividing by E2 yields
− e−Φ + (b/R)2e−Λ{R−2[(dR/dϕ)2 + (dx/dϕ)2
+ (dy/dϕ)2] + 1} = 0, (8.126)
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where b ≡ L/E. By going to innity where the metri
fators approah unity one sees that b is just the impat
parameter of the ray with respet to the matter 4D dis-
tribution enter at R = 0. Rearranging the last equation
we obtain the quadrature
















where R2x = (dx/dR)
2
and R2y = (dy/dR)
2
are the rates
where the KK imprints are distributed along the 4D
galaxy luster. At this point, where the physial met-
ri exatly at, this relation would desribe a line with
ϕ varying from 0 to π as R dereased from innity to its
value Rturn at the turning point, and then returned to
innity. Therefore the deetion of the ray due to gravity
is





















To shed some light in this last integral, one an benet of the weakness of extragalati elds whih grant that Λ
and Φ are all small ompared to unity. As onsequene the above result is losely approximated by























The rewriting in terms of an α derivative allows us to Taylor expand the radial in the small quantity Λ−Φ without
inurring a divergene of the integral at its lower limit. The zeroth order of the expansion yields a well known integral
whih anels the π. Thus, to rst order in small quantities


















And integrating by parts:





















Sine Φ and Λ derease asymptotially as R−1, the in-
tegrated term, being α independent, ontributes noth-
ing. Carrying out the α derivative, and introduing the
usual Cartesian u oordinate along the initial ray by
u ≡ ±(R2 − b2)1/2, we have
∆ϕ =










A fator 1/2 appears beause we have inluded the inte-
gral in Eq. (8.131) twie, one with R dereasing to, and
one with R inreasing from b. The integral is now per-
formed over an innite straight line following the original
ray.
Fig. 9 shows that the new ray deetion using the
above alulated model, for a range of projeted rates
Rx and Ry, is bigger than the deetion produed by
a ray passing through a luster alulated only with 4D
general relativity (GR). The dierene between a 4D GR
with dark matter and the above alulation (where DM
omes from Platoni Kaluza-Klein modes) is that in a
onventional dark matter senario one would ompute Φ
and Λ from Einstein equations inluding dark matter as
soure, whereas in the Platoni Model one has an adi-
tional term and omputes Λ and Φ on the basis of the
visible matter alone.
Solving numerially the Einstein equations of the
spherial metri and by a numerial integration of Eq.
(8.132), it is possible to obtain a omparison between a
galati luster with and without extra dimensions. In
Fig. 10 we demonstrate this, using the same values for Cx
and Cy alulated in Se. VI. In our model, the isotropi
KK matter onstitutes (79.5± 3.3)% of the total matter
in a spherially symmetri galati luster. This is very
















FIG. 9: The new ray deetion using the above alulated
model (Platoni), for a range of projeted rates Rx and Ry , is
bigger than the deetion produed by a ray passing through
a luster alulated only with 4D general relativity (GR). The
presene of Platoni KK modes ats exatly as a dark halo of
old dark matter.




































 KK matter + visible matter
 Only visible matter
FIG. 10: Numerial integration of the gravitational lensing
deetion produed by a luster living in a universe endowed
with UED. In our model, the KK matter onstitutes (79.5 ±
3.3)% of the total matter in a spherially symmetri galati
luster.
veried by lensing observations [6℄ that luster of galaxies
are omposed of three main omponents: ∼ 5% in mass
is the optially luminous baryoni matter in hundred of
bright galaxies; ∼ 1015% is in the form of a bright X-ray
inter-luster gas; and the remaining ∼ 8085% is some
sort of non-baryoni missing mass. The explanation of
our results is that suh non-baryoni missing mass an
be explained by the presene of KK modes distributed
in the luster, appearing in aordane to the Platoni
Model [34℄.
IX. CONCLUDING REMARKS
At the present paper, the possibility to onstrut a
galati disk embedded in a multidimensional spae-time
is investigated. Here, following the observational evi-
dene of DM in galaxies and lusters, we assume that
the DM partile omes from extradimensional modes, or
(KK modes), although initially we do not know if those
modes are distributed isotropially on the galaxy disk
or are desribed by a spheroidal halo (as preahed by
CDM osmologies). Assuming rst the isotropi on the
disk senario, we investigated solutions of Einstein eld
equations in axially symmetri ongurations in D di-
mensions to onstrut a disk model omposed of Kaluza-
Klein partiles. After demonstrate that vauum Einstein
equations an be written as a set of Laplae's equations
for any number D of dimensions, we showed that if D is
even, then the sum of extradimensional pressures anel
and the total pressure depends only of 4D omponents.
Thus, the density proles are pratially the same as in
the 4D ase and we nd that the extra dimensions do not
aet the density and the azimuthal and radial pressures.
As the simplest example, in a six dimensional spae-time
a disk was onstruted by solving the vauum Einstein
equations for an extension of theWeyl's metri. In parti-
ular, was studied a disk onstruted from Shwarzshild
and Chazy-Curzon solutions with a simple extension for
the extra dimensions. Two integral onstants of motion
from projetion of extradimensional partile veloities
are the free parameters of the model. We had prevented
the ad ho adjustment of suh parameters with observed
rotation urves, preferring to investigate values where the
disk beomes stable. The stability is ahieved when the
disk is Newtonian (where suh parameters are null) or for
a tiny range of values that astonishingly makes the iru-
lar geodesis t with great preision the rotation urves
of many spiral galaxies. The stability alulation is done
using both the Rayleigh riterion and a perturbative ap-
proah. We ompare suh results to well sueeded astro-
physial dark matter proles and demonstrate that our
preditions give the same gravitational lensing as does a
dynamially suessful dark halo model.
A. On NFW proles
Current hiey astrophysial models used to ahieve
osmologial results for the evolution of luster of galax-
ies are the old dark matter (CDM) approahes [7℄, where
the missing matter problem is solved by using a dark
halo of exoti postulated partiles surrounding galaxies.
The Navarro-Frenk-White prole [56℄ is usually the ap-
proah employed. A priori the onstrution of the halo
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needs no physial explanations and the proles derived
phenomenologially are only useful to simulate but not
to explain. In general it is delegated to partile physi-
ists the eort to furnish the explanations. And atually
many partile physiists are satised with the manner
how the CDM osmologies work: artiial simulations
of postulated partiles inluded by hand to explain the
large sale struture. The suess of osmologial simu-
lations, mainly obtained by the ΛCDM models, deserves
important astrophysially phenomenologial honor men-
tions, but as pointed, the artiial sienti fashion of
the model to explain large sale physis is outrageous
deient. NFW onstrut a DM halo with some peu-
liar density prole. The paradigm is that this halo had
been formed at the beginning of struture formation and
the non-baryoni andidates for partiles in suh mod-
els range e.g. from primordial blak holes [9℄ to ele-
mentary partiles relis left over from the early universe
(e.g. WIMPS [10℄). There are potential problems for the
ΛCDM model, as for most other versions of CDM mod-
els. On large sales (lusters, superlusters, osmologial
laments), CDM simulations have proven very suessful,
while on smaller (galaxy) sales, they were faed with a
number of problems. A rst, the usp problem, the den-
sity proles of simulated galaxies possess a entral usp,
aording to the NFW law, while this is not observed
in many galaxies, in partiular in those with low masses
(so-alled dwarf galaxies). A seond problem is that sim-
ulated galaxies ome out too small, or have too little an-
gular momentum. Another problem is the satellite one:
simulated DM halos possess a host of substruture. How-
ever, one observes but few satellite galaxies around larger
ones (e.g our Milky Way).
Here our model does not assumes an ad ho halo, i.e.
a dierent paradigm as that preahed by CDM osmolo-
gies. The onentration of matter forming strutures
arises naturally from the superposition of matter den-
sity and KK modes. The propose is not to t exatly
the astrophysial data, but to oer a dynamial expla-
nation to anomalies in rotation urves and gravitational
lensing regime. Simple models of a disk and a luster are
onstruted and we show that: the observational den-
sity proles of our galaxy are the same as observed for a
4D matter distribution; the stable rotation urves t the
plateau region of many spirals; the lensing regime gives
the same gravitational lensing as does a dynamially su-
essful dark halo model. Here we had fous on dynamis,
but astrophysial models ould be onstruted using the
enrihment of our results by the inlusion of gas/plasma
phenomenology, asymmetries on the disk plane, entral
massive blak holes, hemodynamis of a bulge and the
role of stars and bars.
On osmologial issues it is well known that DM ap-
pears in the primordial nuleosynthesis alulation as the
same fration presented by measurements of osmologial
mirowave bakground. The aousti peaks plus the on-
ordane observations of supernovae and lusters show
that this fration is ΩDM ∼ 0.25, with Ωb ∼ 0.5 being
due to baryons and ΩΛ ∼ 0.7 due to dark energy. Here
the osmologial problem is left open, although impor-
tant topis about e.g. braneworld osmology are well de-
veloped in a long range of works. The existene of two or
more extra dimensions ertainly has the potential to sig-
niantly inuene the 4D evolution of the universe, thus
altering standard osmology. To see how essentially o-
urs suh modiations, follow for instane the referenes
in [58, 59℄.
B. Disussions on LHC diretion
The observation of rotation urves of galaxies and grav-
itational lensing in galati lusters, as explained, is di-
retly related to the dark matter problem. Aording to
our results, maybe dark matter ould be interpreted
by a oneption of projeted extra dimensional parti-
les/elds on the 4D disk spae-time. Eqs. (5.107) and
(5.108) show that the projetion of extra dimensional
rates is the determinant fator to obtain a deviation
from a Newtonian prole. It is a kind of Kaluza-Klein
modes imprint in astrophysial sales. The main point
is that the model onrms the existene of dark mat-
ter, but it is not distributed as a halo. Although the
main purpose of the present work is to onstrut a top-
down model and not to shed light on a fundamental the-
ory we an illustrate onsidering the possibility that our
model ould onstrain a Kaluza-Klein dark matter parti-
le to be tested at Large Hadron Collider (LHC) in next
years. Consider for simpliity that Kaluza-Klein dark
matter partile in Universal Extra Dimensions ould be
onsidered as a fundamental partile, where is inluded
also the possibility that a suh partile ould deay in
others. Following [2℄, one an derive a Lagrangian from
the ompatiation of the extra dimensions and onnet
suh ompatiation to the ross setion of the parti-
le. Using the generi notation xα, α = 0, 1, ..., 3 + δ
for the oordinates of the (4+ δ)-dimensional spae-time
(dierent from the usual non-ompat spae-time oor-
dinates, xµ, µ = 0, 1, 2, 3), and the oordinates of the
extra dimensions, ya, a = 1, ..., δ, the 4-dimensional La-
grangian an be obtained by dimensional redution from





























Here Fαβi are the (4+δ)-dimensional gauge eld strengths
assoiated with the SU(3)C × SU(2)W × U(1)Y group,
while Dµ = ∂/∂x
µ −Aµ and D3+a = ∂/∂ya −A3+a are
the ovariant derivatives, with Aα = −i
∑3
i=1 gˆiArαiT ri
being the (4 + δ)-dimensional gauge elds. The piee
LHiggs of the (4 + δ)-dimensional Lagrangian ontains
the kineti term for the (4 + δ)-dimensional Higgs
doublet H , and the Higgs potential. The (4 + δ)-
dimensional gauge ouplings gˆi, and the Yukawa ou-
plings olleted in the 3×3matries λˆU ,D, have dimension
(mass)
−δ/2
. The elds Q,U and D desribe the (4 + δ)-
dimensional fermions whose zero-modes are given by the
4-dimensional standard model quarks. A summation over
a generational index is impliit in Eq. (9.133). For exam-
ple, the 4-dimensional, third generation quarks may be
written as Q(0)3 ≡ (t, b)L, U (0)3 ≡ tR, D(0)3 ≡ bR. The ki-
neti and Yukawa terms for the weak-doublet and -singlet
leptons, L and E , are not shown for brevity. The gamma
matries in (4 + δ) dimensions, Γα, are anti-ommuting
2k+2 × 2k+2 matries, where k is an integer suh that
δ = 2k or δ = 2k + 1. Chiral fermions exist only when
δ is even, and orrespond to the eigenvalues ±1 of Γ4+δ.
The spae-time is desribed asM4×T δ, where the extra
dimensions an be ompatied in a T δ tori. The 6D





. Asymptotially the ompatiation tori ra-





the periodi dimensions xk ∼= xk + 2πrc, 6 − δ ≤ k ≤ 5.
The ompatiation is obtained by imposing the iden-
tiation of two pairs of adjaent sides of the torus re-
tangle. In a pure UED model the ompatiation sale
arises simply from the need to produe the right amount
of DM. Here, a modied UED model, the ompatia-
tion sale arises from the dynamis of galaxies and from
lusters lensing. A detailed investigation about the om-
patiation of the model will be done in future works,
although our preliminary results indeed strength the pos-
sibility that our model ould onstrain a Kaluza-Klein
dark matter partile to be tested at Large Hadron Col-
lider (LHC), where the proposed energy range is 114
TeV, and the main signals of KK DM will be several tt¯
resonanes.
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